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Let M and N modules over a commutative ring R, with M a submodule 
of N. We say M c N is distributive if the following equivalent conditions are 
satisfied. 
(X + Y) n M = (X n M) + (Y n M), for all submodules X, Y of N; 
(X n Y) + M = (X + M) n (Y + M), for all submodules X, Y of N. 
We shall also say that N is a “distributive extension” of M and that M is a 
“distributive submodule” of N. 
The distributive submodules of a given module form a sublattice of the 
lattice of all submodules. In Section 1 we show that every distributive 
submodule of a finitely generated module M is stable under all 
endomorphisms of M. 
It is shown in [2] that every R-module which is locally non-zero at every 
maximal ideal of R, has a maximal distributive extension and the question is 
raised: is this unique up to isomorphism; that is, is there a “distributive 
hull”? In Section 2 we show that over Noetherian arithmetic rings, this is 
indeed the case. Over a local Noetherian arithmetic ring, either the injective 
hull or the module itself is a distributive hull. 
In Section 3 we consider distributive extensions of modules over an 
integral domain. It turns out that every module of rank greater than one has 
no proper distributive submodules, while, if M 5 N is a distributive extension 
of rank one modules, then M and N have the same torsion submodule and 
coincide locally at the prime ideals belonging to its support. 
In Section 4 we describe the distributive hull D(M) in certain cases. In 
particular, one has the following for a module M over a Dedekind domain R 
(Dedekind domains are precisely the Noetherian arithmetic domains). If M 
has rank zero, then D(M) = (upcc K/R,) LI (upgc Mp), where K is the 
field of fractions of R and C is the set of maximal ideals P of R for which 
the R,-module M, is cyclic. (For P E C, K/R, is the injective hull of Mp.) If 
M has rank one and the ideal class group of R is a torsion group, then 
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D(M) = S,; ‘M, where S,,, is the (rnultiplicatively closed) set of elements of R 
which are not zero-divisors on M. In fact “D(M) = S,;‘M for all rank one 
IV” is a necessary and sufficient condition for the ideal class group of R to 
be a torsion group. If M has rank greater than one, then, as already noted, 
D(M) = M. 
Throughout, the term “ring” will mean “commutative ring with identity.” 
and we shall use the following notation: if R is a ring, Spec(R) is the set of 
all prime ideals of R; if M is an R-module, Supp(M) = (P E Spec(R) 1 
M, # O}, Ann(M) = (r E R 1 rm = 0, all m E M); if X is a submodule of M 
andx,yEM,(X:?,)=(rER I ry E X), (x : y) = (Rx : y), Ann(y) = (0 : y). 
1 
PROPOSITION 1.1. Let Mc_ N be an extension of R-modules. Then 
ME N is distributive if, and only if, 
(M: y)+(y:x)=R, for all x E M and all y E N. 
Proof. Let x E M, y E N. Then for any r E R, 
rE(M:y)Gr(x-y)EMnR(x-y); 
1 - r E (y : x) CJ x = r(x - y) + sy, for some s E R. 
Therefore 
(M: y)+(y:x)=R~there exist r,sER such that 
r(x- y)EMnR(x-y) andx=r(x- y)+sy. 
Suppose M c N is distributive and let x E M, y E N. Then 
Therefore (M : y) + (y : x) = R, by the above. 
Conversely, suppose (M : y) + (y : x) = R for all x E M and all y E N. 
Let X, Y be submodules of N. Let x E (X + Y) n M. Then x E M and x = 
z + y with z E X, y E Y. By the above, x = rz + sy for some r, s E R with 
rzEM and hence syEM. Thus xE(RznM)+(RyfIM)~(XnM)+ 
(YnM). Therefore (X+ Y)fIM= (XnM) + (YnM). 
COROLLARY (cf. 12, Lemma 2.71). Let R be a local ring. Then MEN is 
distributive if and only if M c Ry for all y E N - M (equivalently, if, and 
only tf, M is comparable by inclusion with every submodule of N). 
In particular, a module over afield has no proper distributive submodules. 
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PROPOSITION 1.2. Let R be a Noetherian local ring with maximal ideal 
YJI, and let M be an R-module. Then every proper distributive submodule of 
M is of the form 9Ry, for some y E M. 
Proof Let X be a proper distributive submodule of M. Then taking an 
element z E M - X, we have X G Rz, by the corollary to Proposition 1.1. But 
R is Noetherian. Therefore X is finitely generated, and so we may assume 
that M is finitely generated. Then X = fmkA4, where k is a positive integer 
(I 1, Proposition 91). Let Y = !JJl’-‘M. Then X is a distributive submodule of 
Y and X # Y, by Nakayama’s lemma. Thus we can choose an element y E 
Y - X and then, by the corollary to Proposition 1.1, X G 9Jly c 9JlY = X. 
Let M be a finitely generated R-module and let f be an.R-endomorphism 
of M. It is known that if every submodule of M is a distributive submodule, 
then every submodule of M is stable under f (( 6, Proposition 4.3 I). The next 
result shows that this implication is true on the submodules individually. 
PROPOSITION 1.3. Let M be a module over a ring R. If X is a 
distributive submodule of M, then X is stable under every R-endomorphism of 
M which satisfies a manic polynomial with coeflcients in R. 
Proof Let f be an R-endomorphism of M and suppose that f” = 
xy:,’ aifi, for some positive integer n and elements a,,, a, ,..., a,_, E R. 
Let x E X. Then by Proposition 1.1, (X : f(x)) + (f(x) : x) = R. Therefore 
there exist elements r, s, t E R with 1 = s + t, sx = rf(x), (f(x) E X. Sincefis 
an R-module morphism, we have by induction that six = ryi(x), for all 
positive integers i. Therefore r”- If’(x) E Rx, for i = 0, l,..., n - 1. Therefore 
r”- If”(x) E Rx, by hypothesis, and hence sn- ‘f(x) = f(s”- ‘x) = 
f(r”- If”-‘(x)) = rn- y”(x) E Rx c X. Therefore f(x) = (s + t)” ‘f(x) E X. 
Hence f(X) G X. 
COROLLARY. Let M be a finitely generated R-module and let X be a 
distributive submodule ofM. Then X is stable under every R-endomorphism 
ofN. 
2 
We turn now to the question of the uniqueness of a maximal distributive 
extension of a given R-module M. We shall see that M has no maximal 
distributive extensions at all unless M, # 0 for all maximal ideals %JI of R. 
So in order to include all modules in the discussion, we make the following 
definition. An extension M c N of R-modules will be called supporting if 
M,, # 0 for all maximal ideals 9Jl of R for which N,# 0. Thus all extensions 
of M are supporting if, and only if, M, # 0 for all maximal ideals 1137 of R 
(for if M!,), = 0, then M G M @ R/YJl is not supporting). 
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Using elementary properties of modules of fractions, the following is an 
immediate consequence of the definition of “distributive extension.” 
LEMMA 2.1 (cf. 12, Lemmas 2.5 and 2.61). Let M G N be an extension 
of R-modules. 
(i) Let S be a multiplicatively closed subset of R. rf M G N is 
distributive as R-modules, then S’M 5 S’N is distributive as S ‘R- 
modules. 
(ii) M c N is distributive as R-modules if. and only if, M, c: N, is 
distributive as RF-modules for all prime/maximal ideals P of R. 
PROPOSITION 2.2. If an extension of R-modules ME N is distributive 
and supporting then it is essential. 
ProoJ Suppose M G N is distributive and supporting. Let X be a non- 
zero submodule of N. Then X,, # 0 for some maximal ideal %I ofR. Then 
N, # 0 and so Mm # 0, as ME N is supporting. But by Lemma 2.1, 
MYIt g NgR is a distributive extension of modules over the local ring R,. 
Therefore M, G X, or X, G M,, by the corollary to Proposition 1. I. Hence 
(A4 n X), = M, n X, # 0. Therefore M n X # 0. 
COROLLARY 1. Let M be an R-module. Then every distributive and 
supporting extension of M is contained in a maximal distributive and 
supporting extension of M. More precisely, if M is a distributive and 
supporting submodule of an R-module N, then N is a submodule of an R- 
module X which has the properties (a) M G X is distributive and supporting, 
and (b) X E Y, with M G Y distributive and supporting, implies X = Y. 
In particular, ever?, module has maximal distributive and supporting 
extensions. 
ProoJ By the proposition, every distributive and supporting extension of 
M can be embedded in the injective hull E(M) ofM. Suppose then that 
M c N G E(M) and let W denote the set of submodules of E(M) which 
contain N and are distributive and supporting extensions of M. Because 
every distributive and supporting extension of M can be embedded in E(M) 
and because the property of being a distributive and supporting extension of 
M is invariant under M-isomorphism, it is enough to show that W has 
maximal elements. 
W is partially ordered by inclusion and is non-empty. Consider any chain 
(LiJi in W and let L = Ui Lj. Let x E M and yE L, say, y E Lj. Then 
(M: y)+(y:x)=R, since M c Li is distributive. Therefore MG L is 
distributive. Furthermore if ‘9J is a maximal ideal of R for which Lln# 0, 
then (Lj)w # 0 for some j, and hence M, # 0 since ME Lj is supporting. 
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Therefore M G L is supporting. Thus L E W. Hence the result by Zorn’s 
lemma. 
COROLLARY 2. An R-module M has maximal distributive extensions iJ 
and only IA M,, # 0 for all maximal ideals YJ of R. 
Proof It remains to show that if M, = 0 for some maximal ideal 9Jl of 
R, then M has no maximal distributive extensions. But M G N distributive 
implies M, c N, = (N @ R/!iII), distributive as R,-modules, for all prime 
ideals P of R, P # YJ. Therefore if M, = 0, M G N distributive implies M, C 
(N @ R/VI), distributive for all prime ideals P of R, and hence M G 
N @ R,BJI distributive by Lemma 2.1. 
Let M be an R-module. It follows from Corollary 1 above that any two 
maximal distributive and supporting extensions of M are M-isomorphic if, 
and only if, M is a distributive and supporting submodule of an R-module 
D(M) which contains an M-isomorphic copy of every distributive and 
supporting extension of M. In this situation, D(M) is a unique (up to 
isomorphism) maximal distributive and supporting extension of M, and will 
be referred to as the “distributive hull” ofM. 
A ring is said to be arithmetic if the lattice of ideals of R is distributive. 
The local arithmetic rings are precisely the rings whose lattice of ideals is 
totally ordered; that is to say, the valuation rings. (This follows, for example, 
from the corollary to Proposition 1.1.) Thus a ring is local Noetherian and 
arithmetic if, and only if, it is a discrete valuation ring or a local Artinian 
principal ideal ring. More generally, as is well known, a ring is Noetherian 
and arithmetic if, and only if, it is a finite direct product of Dedekind 
domains and Artinian principal ideal rings. We show next that, over such a 
ring, every module has a distributive hull. We shall do this by first proving 
that, in the local case, either the injective hull or the module itself is a 
distributive hull. In fact this is true over all “almost maximal valuation 
rings,” a wider class of local arithmetic rings. I am grateful to P. VLmos for 
suggesting this generalisation. 
An “almost maximal valuation ring” can be defined as a local ring R for 
which every indecomposable injective R-module has a totally ordered lattice 
of submodules. Almost maximal valuation rings are valuation rings and they 
are precisely the class of local rings for which every finitely generated 
module is a direct sum of cyclic modules. (Details may be found in 13 1.) 
Thus every local Noetherian arithmetic ring is an almost maximal valuation 
ring. 
LEMMA 2.3. Let R be an almost masirnal r>aluatiorl ring. !f Al is u 
submodule of a cyclic R-module, then the irgiectire hull qf’ M has n totnlly 
ordered lattice of submodules. 
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Proof We may assume M is cyclic, so that M g R/I, where I is an ideal 
of R. But every ideal of R is irreducible, since the lattice of ideals of R is 
totally ordered. Therefore E(R/I) is indecomposable [ 5, Proposition 2.28, 
Corollary 11. Hence the lattice of submodules of E(R/Z) is totally ordered. 
COROLLARY. Let M be a module over an almost maximal valuation ring. 
Then either E(M) or M is a distributive hull of M. 
ProoJ Either M has no proper distributive extensions or, by the 
corollary to Proposition 1.1, M is a submodule of a cyclic module. In the 
latter case the submodules of E(M) are totally ordered, and so M c E(M) is 
distributive. 
THEOREM 2.4. Over a Noetherian arithmetic ring .every module has a 
distributive hull. 
If M is a module over a local Noetherian arithmetic ring, the distributive 
hull of M is given by either M itself or the injective hull of M. 
Proof: Consider first the local case. Let R be a local Noetherian 
arithmetic ring. Then R is an almost maxima1 valuation ring and so the 
result follows from the corollary to Lemma 2.3. However, we note for later 
reference that if M is a submodule of a cyclic R-module, then 
(i) M is cyclic, because R is a principal ideal ring; thus MS R/m’, 
where !JJl is the maxima1 idea1 of R and k 2 0; and 
(ii) denoting the field of fractions of R by K in the case when R is a 
discrete valuation ring, the injective hull of M is 
E(M) = K, when R is a discrete valuation ring and k = 0, 
= K/R, when R is a discrete valuation ring and k > 1, 
= R, when R is a local Artinian principal idea1 ring, not a field. 
Thus we can see directly that the lattice of submodules of E(M) is totally 
ordered, and hence that E(M) is a distributive hull of M. 
Consider now the general case. Let M be a module over a Noetherian 
arithmetic ring R and let E(M) be an injective hull of M. Let W denote the 
set of submodules of E(M) which are distributive and supporting extensions 
of M and let D be the submodule of E(M) generated by the members of W. 
Suppose YIJl is a maxima1 ideal of R for which M, # D,. Then M, # L, for 
some L E W. Thus the R,-module M,,,, has a proper distributive and 
supporting extension and therefore, by the local case, the lattice of 
submodules of E(M,) is totally ordered. But E(M,) = E(M)lm because R is 
Noetherian. Therefore M, ED, is distributive and supporting. Thus 
M\,n G D, is distributive and supporting for all maxima1 ideals I)32 of R. 
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Therefore M G D is distributive and supporting, by Lemma 2.1. Hence by 
Proposition 2.2, D is a distributive hull ofM. 
3 
Throughout this section R will be an integral domain and K will be the 
field of fractions of R. If M is a module over R, denote the torsion 
submodule of M by 
T(M)={mEMIrm=O, some rER, rf0). 
We recall that the rank r(M) of M is the dimension of the K-vector space 
K OR M. Thus if m is an element of M, then r(Rm) < 1 and we have 
r(Rm) = 0 o T(Rm) = Rm, 
r(Rm) = 1 o T(Rm) = 0. 
Note also that r(M) = r(M,) and T(M)p = T(M,), for all prime ideals P 
ofR. 
PROPOSITION 3.1. If 0 # MS N is a distributive extension of R-modules, 
then r(M) = r(N) < 1. Furthermore if this common rank is one, then 
T(M) = T(N) and Supp(T(M)) G {P E Spec(R) / Mp = Np}. 
Proof. We first prove the proposition on the assumption that it is true 
over a local domain. Since 0 # M$ N, there are prime ideals P,, P, of R 
such that Mp, # 0 and Mp, # Np,. By Lemma 2.1, Mpi G Npi is a distributive 
extension of R,;modules for i = 1, 2. Therefore by the local case, r(M) = 
r(Mp,) = r(Np,) = r(N) and r(M) = r(MpJ < 1. Suppose the common rank of 
M and N is one. Then by the local case, T(M,) = T(N,) for all prime ideals 
P of R, and if T(M,) # 0 then Mp = Np. Hence T(M) = T(N) and 
Supp(T(M)) G (P E Spec(R) 1 Mp = N,,}. 
Consider now the case when R is a local integral domain. By the corollary 
to Proposition 1.1, we have M c Ry for y E N - M, and so 
Therefore 
r(M) < r(Ry) < 1 and T(M) G T(Ry). 
r(Ry) = 1 3 T(Ry) = 0 3 T(M) = 0 3 r(M) = 1, 
and 
r(Ry) = 0 3 r(M) = 0. 
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Hence r(M) = r(Ry) for all y E N-M. Therefore 
r(M) = 0 3 A4 = T(M) and r(Ry) = 0, allyEN-M, 
3 M = T(M) and Ry = T(Ry), allyEN-M, 
=a N= T(N) 
* r(N) = 0. 
On the other hand, 
r(M) # 0 =X 0 # K OR M c K 6~~ N is a distributive extension of 
K-modules, by Lemma 2.1, 
*K@,M=K@,N, since K is a field, 
* r(M) = r(N). 
It remains to show that r(M) # 0 implies r(M) = 1 and T(M) = T(N) = 0. 
Take an element z E N - h4. Then r(M) = r(Rz) and T(M) c T(Rz), so that 
r(M) # 0 3 r(Rz) = 1 and T(Rz) = 0 
+ r(M) = 1 and T(M) = 0 
* T(M) = 0 and r(Ry) = 1, all YEN-M, 
*-T(M) = 0 and T(Ry) = 0, allyEN-M, 
=s- T(N) = 0. 
COROLLARY 1. An R-module of rank greater than one has neither 
proper distributive submodules nor proper distributive extensions. 
COROLLARY 2. Let M be an R-module of rank one. If T(M), # 0 for all 
maximal ideals 9X of R, then M has no proper distributive extensions. 
Over a Prtifer domain, the properties of distributive extensions of rank one 
modules given in Proposition 3.1 actually characterise such extensions. 
PROPOSITION 3.2. Let R be a Pr@ier domain and let M be an R-module 
of rank one. A necessary and suflcient condition for M c N to be distributive 
is that r(N) = 1, T(N) = T(M) and Supp(T(M)) G {P E Spec(R) 1 Mp = Np}. 
ProoJ: By Proposition 3.1, we have only to prove the sufficiency. 
Let P be a prime ideal of R not belonging to Supp(T(M)). Then the R,- 
modules Mr c Np are torsion-free of rank one and can therefore be regarded 
as submodules of K. But the R,-submodules of K are totally ordered, 
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because R, is a valuation domain. Therefore by the corollary to 
Proposition 1.1, Mp G N,, is distributive. Hence Mp c Np is distributive for 
all prime ideals P of R and so, by Lemma 2.1, M G N is distributive. 
4 
Let M be a module over an integral domain R. Denote the set of zero- 
divisors of M by 
Z(M)={rERJ rm=O,somemEM,mfO}. 
Then S, = R - Z(M) is a multiplicatively closed subset of R and we may 
regard M as an R-submodule of the module of fractions S,‘M. Let X, 
denote the set of non-zero prime ideals of R which are contained inside 
ww. 
LEMMA 4.1. Suppose that M has rank one and that either T(M) = 0 or 
X,,, G Supp(T(M)). Then S;‘M contains an isomorphic copy of every 
distributive extension of M. Furthermore if R is a Pri$er domain of Krull 
dimension one, then S,‘M is a distributive hull ofM. 
Proof: We first show that, as an SL’R-module, S;‘M has no proper 
distributive extensions. In the case T(M) = 0, this follows from the fact that 
S;‘R is then a field. Suppose that T(M) # 0 and X, G Supp(T(M)). Then 
S,‘R is not a field, and so every maximal ideal of S,‘R is of the form 
S;‘P, where P E X,. But for such a P, (S&‘M)s-+, is isomorphic with Mp 
and T(M), # 0. Hence T(S,‘M) is locally non-zeyo at every maximal ideal 
of S,‘R. Therefore by Corollary 2 of Proposition 3.1, S,‘M has no proper 
distributive extensions. 
We can now deduce that S;‘M contains an isomorphic copy of every 
distributive extension of M. If M s: N is distributive as R-modules, then 
S;‘MC S,‘N is distributive as S,‘R-modules, and so S,‘N = S,‘M. But 
by Proposition 3.1, T(M) = T(N), f rom which it follows that the canonical 
map N+ S,‘N is an injection. 
Now suppose that R is a Priifer domain of Krull dimension one. It 
remains to show that Mc S,‘M is a distributive extension of R-modules. 
Let P be a prime ideal of R which meets S,. Then from the fact that the 
Krull dimension of R is one, it follows that S,‘R 0,’ R, z K, the field of 
fractions of R. Thus (Si’M), E K OR M, which is isomorphic with K since 
M has rank one. But the R,-submodules of K are totally ordered. Therefore 
M, G (Si’M), is distributive as R,-modules. On the other hand, if P is a 
prime ideal of R which does not meet S,,,, then S,‘R OR R,z R,, so that 
Mp = (S,i’M),. Hence M s S,‘M is distributive, by Lemma 2.1. 
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PROPOSITION 4.2. Let R be a Dedekind domain. Then the ideal class 
group of R is a torsion group if, and only if, D(M) = S;‘Mfor all rank one 
R-modules M. 
Proof The ideal class group of R is a torsion group if, and only if, 
whenever an ideal Z of R is contained in the union of a family of prime ideals 
of R, Z is actually contained in one of the prime ideals of the family 
[ 4, Theorem 2.21. 
Suppose firstly that this is the case. Let M be a rank one R-module with 
T(M) # 0. Then Z(M) = Z(T(M)) and this is equal to the union of the 
associated primes of T(M), since R is Noetherian. Therefore if P E X,, P is 
contained in an associated prime of T(M), and so P itself is an associated 
prime of T(M), since every non-zero prime ideal of R is maximal. It follows 
that P belongs to Supp( T(M)). Hence D(M) = S,‘M by Lemma 4.1. 
Conversely suppose that the ideal class group of R is not a torsion group. 
Then since the complement of a union of prime ideals is multiplicatively 
closed, there is a prime ideal P of R and a family Y of prime ideals of R 
such that PE (Jpcv Q .and P & Y. Let M be the rank one R-module 
RP u tIasuR/Q)~ 
Let W be a prime ideal of R. If W does not meet S,, then M, = 
(Si’M),. If W does meet S,, then W # P and W @ Y, since Z(M) = 
Upsv Q, and so M, = K = (Si’M),, where K is the field of fractions of R. 
Therefore S,‘M = M. 
However, N=KII (UQEY R/Q) is a proper distributive extension of M, 
since ZVP = K is an R,;module whose submodules are totally ordered, and 
M, = N, for all prime ideals W of R, W # P. Thus S,‘M is not a 
distributive hull of M. 
The above results give, in particular, a description of the distributive hull 
of any abelian group of non-zero rank. To complete the picture we need to 
look at abelian groups of rank zero. The description of the distributive hull 
in this case is included in the next proposition. We recall the following well- 
known facts. 
LEMMA 4.3. Let R be a ring and let P, Q be prime ideals of R. 
(i) R,ORRPzRP. 
(ii) R, OR Ro = 0 if, and only if, P n Q contains no prime ideals of 
R. In particular, if R is Artinian, then R, OR R, = 0 whenever P and Q are 
distinct prime ideals of R. 
(iii) Suppose R is an integral domain with field of fractions K. Then 
R, OR R, z K if, and only if, P n Q contains no non-zero prime ideals of R. 
In particular, tf R is a Dedekind domain, then R, OR Ro 2 K whenever P 
and Q are distinct prime ideals of R. 
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PROPOSITION 4.4. Let R and M be defined as follows: either (i) R is an 
Artinian arithmetic ring, not a field, and M is any R-module, or (ii) R is a 
Dedekind domain .and M is an R-module of rank zero. Then the distributive 
hull of M is given by 
where C is the set of maximal ideals P of R for which Mp is cyclic as an R,- 
module. 
Proof Write N = (up,, E(M,)) LI (upec Mp). In each case M can be 
regarded as a submodule of up Mp, where P runs over all the maximal 
ideals of R, and hence as a submodule of N. By Theorem 2.4 and its proof, 
N = LIP DWp)- 
Let Q be a maximal ideal of R. It follows from Lemma 4.3 and the 
description of the distributive hull in the local case, that (D(Mo)), = D(Mo), 
and (D(Ma))p = 0 for all maximal ideals P of R, P # Q. Hence Nc = D(Mo) 
for all maximal ideals Q of R. Therefore by Lemma 2.1, N is a distributive 
and supporting extension of M. But M has a distributive hull D(M), by 
Theorem 2.4. Thus we may regard N as a submodule of D(M). Then for each 
maximal ideal Q of R, D(M)o is a distributive and supporting extension of 
M, with N, = D(M,) lying in between, so that Nc = D(M),. Hence 
N = D(M). 
We consider now the situation over an arbitrary local Noetherian 
integrally closed domain. For any local ring R, with maximal ideal W, 
W G R is always a distributive extension of R-modules. The proof of the next 
proposition shows that when R is a Noetherian integrally closed domain and 
the height of !IJI is greater than one, there are essentially no other distributive 
extensions of R-modules of non-zero rank. It would be interesting to know 
the corresponding situation for modules of rank zero. 
Denoting the field of fractions of R by K, we have {x E K 1 9JIx G R} = R 
[7, Chap. V, Theorem 151. Thus if X is an R-submodule of K, y E K and 
k > 1, then !UIkX c Ry implies X G Ry. 
PROPOSITION 4.5. Let R be a local Noetherian integrally closed domain 
of Krull dimension greater than one, and let 9.I be the maximal ideal of R. 
Let M be an R-module of non-zero rank. Then either D(M) = M, or M z 9R 
and D(M) g R. 
Proof. If N is a proper distributive extension of M, then by 
Proposition 3.1, M and N are torsion-free of rank one and can therefore be 
regarded as R-submodules of the field of fractions of R. We claim that ify is 
any element of N-M, then M = 9IIy and N = Ry. 
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By the corollary to Proposition 1.1, ME Ry. Therefore M is finitely 
generated, because R is Noetherian. Let x EN. Then X = M + Rx + Ry is 
finitely generated and ME X is distributive. Therefore M = ‘2JIkX, where 
k 2 1 ([ 1, Proposition 91). Thus !UlkX G Ry. Hence by the above remark, 
X E Ry. Thus x E Ry. Therefore N c Ry and so N = Ry. Furthermore by 
Proposition 1.2, M = !V?z for some z E N-M. Hence the above argument 
gives Rz = N = Ry, and therefore 9Jlz = VJly. Thus M = %Uy g !Ul and N = 
RyrR. 
5 
We conclude with a remark about the definition “distributive hull.” 
Supporting extensions were introduced in order to generalise to all modules 
results which otherwise would apply only to modules which are locally non- 
zero at every maximal ideal of the ring. In each of the results concerning 
distributive extensions of modules over a Noetherian ring, “supporting” can 
be replaced by the following property. 
Let R be a ring (not necessarily Noetherian). Call an extension M c N of 
R-modules satisfactory if given y E N, y # 0, there exists x E M such that 
Ann(x) + Ann(y) #R. 
Whereas “supporting” is too strong to be implied by “essential” (a coun- 
terexample is urn Z/2P s; n, Z/22 = R, as R-modules), it is easily seen 
that every essential extension is satisfactory. When R is Noetherian, a 
distributive extension of R-modules is supporting if, and only if, it is 
satisfactory. To see this observe that, for an extension M G N of R-modules, 
the following implications are true: 
(i) Supporting implies satisfactory; 
(ii) Distributive and satisfactory implies essential; 
(iii) When R is Noetherian, essential implies supporting. 
Proofs. (i) Suppose M c N is supporting. Let y E N, y # 0. Then 
Ann(y) s I132 for some maximal ideal !Ul of R. Thus N, # 0 and so M, # 0. 
Hence there exists x EM such that Ann(x) E 9JI. Then Ann(x) + 
Ann(y) s %ll. Therefore M G N is satisfactory. 
(ii) Suppose M c N is distributive and not essential. Then N has a 
non-zero submodule Y with M n Y = 0. For any x E M and y E Y we then 
have (M : y) = Ann(y) and (y :x) = Ann(x). Hence by Proposition 1.1, 
Ann(x) + Ann(y) = R. Therefore ME N is not satisfactory. 
(iii) If R is Noetherian and M c N is an essential extension of R- 
modules, then M, c N, is an essential extension of R,-modules for all 
maximal ideals m of R. Hence M c N is supporting. 
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Thus in Theorem 2.4 and Proposition 4.4, D(M) is a unique (up to 
isomorphism) maximal distributive and satisfactory extension of M. 
In Propositions 4.2 and 4.5, D(M) is in fact a unique (up to isomorphism) 
maximal distributive extension of M, because all extensions of modules of 
non-zero rank over an integral domain are supporting. 
Finally observe that, whereas over commutative rings we found it more 
convenient to work with the notion of “supporting” than that of 
“satisfactory,” the latter can be interpreted just as well over non- 
commutative rings. It follows from non-commutative versions of 
Proposition 1.1 and (ii) above, that over a ring which is not necessarily 
commutative, every module has maximal distributive and satisfactory 
extensions. 
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